February 1, 2008 

CURVED FLATS, EXTERIOR DIFFERENTIAL SYSTEMS, 
AND CONSERVATION LAWS 

O ■ CHUU-LIAN TERNG* AND ERXIAO WANG^ 

O 



(N 
(N 



Abstract. Let a be an involution of a real semi-simple Lie group U, C/q 
the subgroup fixed by a, and U/Uo the corresponding symmetric space. 
Ferus and Pedit called a submanifold M of a rank r symmetric space 
U/Uo a curved flat if TpM is tangent to an r-dimensional flat of U/Uq 
at p for each p £ M. They noted that the equation for curved flats is 
an integrable system. Bryant used the involution a to construct an in- 
volutive exterior differential system 2a such that integral submanifolds 

rn ' of Tct are curved flats. Terng used r first flows in the t//C/o-hierarchy of 

^\ ^ commuting soliton equations to construct the [//[/o-system. She showed 

. . that the [// [/o-system and the curved flat system are gauge equivalent, 

r^ ' used the inverse scattering theory to solve the Cauchy problem globally 

jrt . with smooth rapidly decaying initial data, used loop group factorization 

to construct infinitely many families of explicit solutions, and noted that 
many these systems occur as the Gauss-Codazzi equations for submani- 
folds in space forms. The main goals of this paper are: (i) give a review 
of these known results, (ii) use techniques from soliton theory to con- 
^ I struct infinitely many integral submanifolds and conservation laws for 

Cn . the exterior differential system Ta- 

O. 

Tj- . 1. Introduction 



Let G be a complex semi-simple Lie group, r an involution of G such 
that its differential at the identity e is complex conjugate linear, and a an 
inovlution of G such that the differential is complex linear. Assume that 

TO" = ar. (1-1) 

Let U be the fixed point set of r, i.e., a real form of G. We will still use 
r, o" to denote dr^ and dae respectively. Let Q,U denote the Lie algebras of 
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C^ ■ G and U respectively. Since a and r commute, a{U) C U. So a\U is an 

involution of U. Let Uq,Ui denote the -|-1, — 1 eigenspaces of u on W. Then 

[U^M^] C U^, [Uo,Ui] C Ui, [UiMi] c u^. 

The quotient space U /Uq is a symmetric space, and the eigen-decomposition 
lA = IAq+IAi is called a Cartan decomposition. 

Ferus and Pedit ([SI) called a submanifold M of a rank r symmetric space 
U/Uq a curved flat if TpM is tangent to an r-dimensional flat of U/Uq at 
p for each p £ M. They noted that the equation for curved flats is an 
integrable system. Bryant ( 6 ) used the involution a to construct a natural 
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involutive exterior differential system Xo- sucli tliat integral submanifolds of 
Xf, in U project down to curved flats in U /Uq. Terng (_12j used r first 
flows in the [//C/o-hierarchy of commuting soliton equations to construct 
the C//C/o-system. She showed that the U /Uo-systevn and the curved flat 
system are gauge equivalent, used the inverse scattering theory to solve the 
Cauchy problem globally with smooth rapidly decaying initial data (,12 J, 
used loop group factorization to construct infinitely many families of explicit 
solutions (Jl]), and noted that many these systems occur as the Gauss- 
Codazzi equations for submanifolds in space forms (|12|ll5j). The main goals 
of this paper are: (i) review some of these known results, (ii) use techniques 
from soliton theory to construct infinitely many integral submanifolds and 
conservation laws for the exterior differential system T^ . 

We review the definitions of these systems next. An element a G ^i is 
called regular if 

(i) A:= {y ^hli\ [a, y] = 0} is a maximal abelian subspace in Ui, 
(ii) Ad(C/o)(-4) is open in Ui. 

Let ( , ) be an ad-invariant, non-degenerate bilinear form on lA. Given a 
linear subspace V oiU let 

V^ = {y^U\{y,V) = {)}. 

Assume that U /Uq has rank r. Let ^ be a maximal abelian subspace in lAi^ 
and let ai, . . . , Or € ^ be regular and form a basis of A. The U/Uo-system 
(cf. ^) is the following PDE for v.W ^UiHA^: 

[ai,V:r,]-[aj,Vx^] = [[ai,v],[aj,v]], 1 < i / j < r. (1.2) 

These systems occur naturally in submanifold geometry. For example, the 
Gauss-Codazzi equations for isometric immersions of space forms in space 
forms (IHl 1121 |^), for isothermic surfaces in M" (13 |2]), and for flat La- 
grangian submanifolds in C" or in CP" (jl5j). 

The U/Uo-system also arises naturally from soliton theory (cf. ^2)- In 
fact, given l<i<r,bGA, and a positive integer j, the (6, j)-th soliton 
flow in the C//C/o-hierarchy is a certain partial differential equation for v : 
R"^ ^UinA^: 

vt = Pb,j{v). 

For example, the second flow in the 5[/(2)-hierarchy is the NLS (non-linear 
Schrodinger equation), the third flow in the 5[/(2)/5'0(2)-hierarchy is the 
modified KdV equation, and the first flow in the 5C/(3)/SO(3)-hierarchy is 
the 3-wave equation. The C//C/o-system (|1.2|) is given by the collection of 
the (oj, 1)- flows with 1 < j < r in the C//C/o-hierarchy. 

The curved flat system associated to U /Uq (cf. 0) is the following first 
order system for (^i, . . . ^A^) :W ^ Wi=i ^i- 

{{Aijxj = \Aj)xi-, i 7^ j, /-. o^ 

[A„A,]=0, i^j. 
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It is known that solutions of the curved flat system give rise to curved flats 
in U/Uo (0). 

Let a = g~^dg be the Maurer-Cartan form on U . Write a = ao + ai with 
respect to the Cartan decomposition U = Uq + Ui. Let Zg- be the exterior 
differential ideal generated by uq. It was observed by Bryant ([Sl) that 
{U,Iij) is involutive and the PDE for the exterior differential system !„ is 
the curved flat system (|1..S)) . If / : O — > [/ is a maximal integral submanifold 
of the exterior differential system (EDS) (f/, lo-), then /*(ao) = 0. The Uq 
component of the Maurer-Cartan equation da + ^[a,a] =0 gives 

dao + ^([ao,ao] + [ai,ai]) = 0. 

So f*{[ai,ai]) = 0. This implies that f~^df is Z/^i-valued and the subspace 
/~^Im((i/p) is abelian for all p G O. This means that {f~^fyi, • • • , f~^fyr) 
is a solution of the curved flat system (|1.3|) with respect to any coor- 
dinate system y. Use the Cartan-Kahler Theorem we can see that the 
curved flat system should only depend on n functions of one variable, where 
n = dim(ZYi) — r. But the curved flat system (|I.3|) is a system of r{r — l)/2 
equations of nr functions. This indicates that the curved flat system has 
many redundant functions and we probably can use geometry to find a spe- 
cial coordinate system on integral submanifolds so that their PDE involves 
only n functions. This is indeed the case. We can find a special coordinate 
system x on an integral submanifold of {U,T„) so that the corresponding 
PDE written in x coordinate is gauge equivalent to the U /UQ-sysievo.. 

Since the curved flat system is gauge equivalent to the C//C/o-system, we 
can use techniques from soliton theory to construct infinitely many explicit 
integral submanifolds and conservations laws for the exterior differential 
system X^. 

This paper is organized as follows: We explain the gauge equivalence of 
the [//C/o-system and the curved flat system in section 2, give a brief review 
of theory of exterior differential systems in section 3, and give Bryant's 
proof that the exterior system T^ on the Lie group U is involutive in section 
4. Finally in section 5, we explain how to use the Birkhoff loop group 
factorization to construct infinitely many families of explicit solutions and 
commuting flows for the U /UQ-sysieva. and conservation laws for Z„. 



2. The [//C/q-system 

Let G,T,a,U,Uo be as in section 1, U/Uq the corresponding symmetric 
space, U = Uq +Ui its Cartan decomposition, and ( , ) be an ad-invariant, 
non-degenerate bilinear form on lA. 

Note that the C//C/o-system ()1.2() can be also defined invariantly as a 
system for maps v : A ^^ U\r\ A^ so that [da,f] is flat, where da means 
the differential of the identity map a(^) = ^ on ^. When we choose a basis 
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ai,. . . ,ar of A, the system becomes p.2|) . Change basis of A amounts to 
Unear change of coordinates of M''. 

The C//C/o-system (|1.2j) and the curved flat system (|1.3j) are gauge equiv- 
alent. To explain this we first recall some known Propositions, which can 
be proved by direct computations. 

Proposition 2.1. The following statements are equivalent for smooth maps 
Ui-.W -^g,l<i< n: 

(1) '}2'i=i Uidxi is a flat Q-connection 1-form on M", 

(2) the first order system E^^ = Eui, 1 < i < n is solvable, 

(3) there exists g : O ^f G such that g'^dg = J27=i Uidxi for some open 
subset O of the origin in M". 

Proposition 2.2. /|12j ) The following statements are equivalent for v : 

W ^UinA^.- 
li) V is a solution of the U/Uo-system (|1.2j) . 
(2) Yll^i[ai,v]dxi is a li -valued flat connection on W , 

(3) 

r 

0\ = ^{ai\ + [ai,v])dxi (2.1) 

is a Q-valued flat connection on W for all parameter A G C, 

(4) there is an s G M. so that 6s = J2l=ii'^i^ + [0'i,v])dxi is a U-valued 
flat connection on W . 

Proposition 2.3. A smooth map (yli, • • • ,^r) : I^'' — > 01=1^1 ^-^ ^ solution 
of the curved flat system (|1.3j) associated to U/Uq if and only if 

r 

ujx = '^ XAidxi 

i=\ 

is a flat Q-valued connection 1-form on W^ for all \ ^C 

The flat connections 9\ and u)\ are called Lax connections of the U/Uq- 
system and the U/Uq curved flat system. 

A map ^ : C — > t/ is said to satisfy the U/Uo-reality condition if 

r(e(A))=e(A), a(e(A))=e(-A). 

It follows from the definition that ^(A) = Xli'^i-^"' satisfies the C//[/o-reality 
condition if and only if ^j £ Uq if j is even and ^j G Ui if j is odd. Note that 
both Lax connections Ox and lo\ satisfy the C//C/o-reality condition. 

It follows from Proposition 12. II that if w is a solution of the C//C/o-system 
then there exists a unique E{x^ A) so that 

= ajA-l- [ai,v], 1 < i < r, 
: e. 
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Since 9\ satisfies the C//C/o-i'eality condition, E also satisfies tlie U/Uo-reality 
condition: 

t{{E{x, A)) = E{x, A), a{E{x, A)) = E{x, -A). 

We call such E the parallel frame of the Lax connection Ox associated to v. 
The following Proposition says that solutions of the U/Uo-system give rise 
to solutions of the curved flat system. 

Proposition 2.4. (^^) Let v : W ^ Ui D A^ be a solution of the U/Uq- 
system l\1.2^ . and E{x, A) the parallel frame of the corresponding Lax connec- 
tion 6\ defined by ()2.1|) . Let g{x) = E{x,0), and Ai = gaig~^ for 1 <i <r. 
Then 

(i) the gauge transformation of 9\ by g is 

r 

g*0\ = y^Xgaig'^dxi, 

j=l 

(ii) (^1, . . . , Ar) is a solution of the curved flat system (jL^f) . 

Theorem 2.5. (^) If {Ai, . . . ,Aj.) is a solution of the curved flat system 
H1.3() associated to U/Uq, then there exists f : O ^> U such that f~^fx^ = Ai 
for all 1 < i < r and ir{f) is a curved flat in U/Uq, where tt : U ^ U/Uq is 
the natural projection. Conversely, every curved flat in U/Uq can be lifted 
to a map f to U so that {f~^ fxi, ■ ■ ■ , f~^fxr) ^^ ^ solution of the curved flat 
system ^l.'6\ . 

A direct computation implies 

Proposition 2.6. // {Ai^--- ,Ar) is a solution of the curved flat system 
(|1.3j) associated to U/Uq, then there exists a smooth map f :W ^f U such 
that f satisfies the following conditions: 

\ f'^fx, G Ui, 
\[/-V..,rVx,]=0, forahi/j. 

Conversely, if f -.W ^U is an immersion satisfying (|2.2|) . then 

[J Jxil ■ ■ ■ 1 J Jxi) 

is a solution of the curved flat system H1.3() . 

An immersed submanifold f : O ^> Ui is called flat abelian (\15\) if 

(1) [fy,, fy,] = iov 8ll 1 < i y^ j < n, 

(2) the induced metric on O is flat. 

The following Theorems give explicit algorithms to construct flat abelian 
submanifolds in Ui and curved flats in the symmetric space U/Uq from 
solutions of the f7/C/o-system. The proofs can be found in J^. 
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Theorem 2.7. (15j Let v and E be as in Proposition \2.4\ Set Y = 
^E~^\ x=o- Then Y is an immersed flat abelian submanifold inUi. Con- 
versely, locally all flat abelian submanifolds in lAi can be constructed this 
way. 

For g £ U and x G C/, 

g*x = gxa{gy'^ 
defines an action of U on U (it is called the a-action). The orbit at e is 

M = {ga{gr^\gGU} C U. 

Since the isotropy subgroup at e is Uq, the orbit M is diffeomorphic to 
U/Uq. hi fact, M is a totally geodesic submanifold of U and is isometric to 
the symmetric space U/Uq. This is the classical Cartan embedding of the 
symmetric space U /Uq in U . 

Theorem 2.8. f 15 ) With the same assumption as in Theorem \2.4[ and 
set 

V'(x) = E{x,l)E{x,-l)-^. 

Then ifj is a curved flat in the symmetric space U /Uq. Conversely, locally 
all curved flats in U/Uq can be constructed this way. 

Theorem 2.9. Let O be an open neighborhood ofO E M^ . If f : O ^ U is an 
immersion satisfying 1)2. 2|) . then there exists a local coordinate system x near 
0, a regular basis {ai, . . . , a,-} of the maximal abelian subspace A = lin.{dfo), 
g : O —f Uq, and a solution v : W ^ Ui H A of the U/Uo-system (|1.2j) so 
that 

if'^fx,=gaig~^, ^2 3) 

[g'^gx, = [ai,v]. 

Conversely, ifv is a solution of the U/Uo-system, then f{x) = E{x, l)E{x, 0)^^ 
satisfies (j2.2|) and (|2.H|) . where E{x, A) is the parallel frame for the Lax con- 
nection 9\ corresponding to v. 

Proof. Since generically all maximal abelian subalgebra are conjugate under 
elements of Uq, there exist g : O —> Uq and bi, ■ ■ ■ ,bn '■ O —> A such that 

/"Vj/, = ghg'^ 
for 1 < i < n. A direct computation implies 

{) = d{df) = dlfY^ghg-^dyA 
= f^ {g{h)y,g'^ + [gyjg~^,gbig~^]) dyj a dyi 

- [bi,g'^gy,])dyj a dyi 
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This implies that 

ibi)y, - [bi,g'^gy^] = {bj)y, - [hj.g'^gy,] (2.4) 

for all i ^ j. Let ( , ) denote a non-degenerate ad-invariant bilinear form 
on U. Then {A, [AM]) = and [UaMM]) = 0. So [A,U] C U^ and 
[AM] C A-^. Also we have 

Ui =A®{A^nUi). 

Note {hi)y. G A and [ftijg'^S'yJ G [v^, Z^o] is contained in A^. By (|2.4() we 
get 

{h)y, = {hj)y,, (2.5a) 

[^i,5"^5s/J = [&i,5~^5yj, (2.5b) 

for all 1 < i 7^ J < n. Equation (|2.5a() implies that Yli'i=i bidyi is closed. So 
there exist a local coordinate change x = x{y) and constant ai, . . . , a^ in ^ 
such that YJi^i bidyi = Y17=i o-idXi. 

Let P = Y17=ibidyi- Equation (|2.5b|) can be rewritten as [P,g~^dg] = 0. 
Write P and g~^dg in x coordinate to get P = X^^^^ Uidxi and g~^dg = 
TA=i9~^9x,dxi. Then 

= [P,g~^dg] = '^[ai,g''^g^^]ddxi A dxj. 

So we have 

[ai,g^^gx,] = [aj,g'^gx^], ^ i^j- 
Up to a linear change of coordinates of x, we may assume that Oj's are 
regular. Note the kernel of ad(aj) on Ui is A, and the tangent plane of the 
orbit Ad{Uo){ai) at aj is [uiMo]- By assumption Ad{Uo){A) is open in Ui. 
So the dimension of the tangent plane of the principal Ad([/o)-orbit at Oj is 
equal to dim(^i) — dim(^). Thus ad(ai) maps A^ CiUi isomorphically onto 
^0 n (Wo)i, where (Wo)yt = {CeUo\ [^ A] = 0}. Then by (l2^5hll . there exists 
a u : O ^ ZYi n ^-^ so that 

S'^S'x, = [fli,-"], 1 <i<n. 

But g~^dg = ^Jaj,f]dxi is a flat connection. By Proposition 12.21 v is a 
solution of the C//C/o-system (|1.2() . 
To prove the converse, note that 

r 

E-^dE = ex = '^{aiX + [ai,v])dxi. 

i=\ 

Set 5(x) = E[x,^) and F(x, A) = £;(x, A)£;(x,0)-i = E[x,\)g{x)-^ . A 
direct computation implies that 

r 

F'^dF = g0xg'^ - dgg'^ = ^ Xgaig'^dxi. 

i=\ 

Note /(x) = F(x, 1). So r^df = E[=i gaig-'dx^. D 
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Remark 2.10. The maps g and v in Theorem 12.91 are essentially unique. 
To see this, suppose we have g, g so that 

gaig~^ = gaig"^ = /"Vx,, 

g'^Qxi = [ai,v\, and g~'^gxi = [ai,v]. Since g~'^gai = a^, there exists {Uq)a- 
valued map h such that g~^g = h, i.e., g = gh. But 

g'^gx, = [ai,v] = h'^[ai,v]h + h~^hx^ 

= [ai, h'^vh] + h-^h^^ ^^a+ ^A- 

Thus 

f/i-i/i^, =0, 
\^[ai,h^^vh] = [ai,v]. 

The first equation implies /i is a constant. Since h~^vh S UiHA^ and ad(aj) 
is injective on Ui n A , the second equation implies that h~^vh = v. This 
proves that g = gh and v = h~^vh for some constant h € {Uq)j(. 



3. Basics of exterior differential systems 

We give a brief account of Cartan-Kahler theory based on the lectures 
given by R. Bryant at MSRI in 1999 and 2003 (cf. 3 for details and refer- 
ences) . 

Let M be a smooth manifold, and r2*(M) the graded algebra of differential 
forms on M. An ideal X of Vt*{M) is called a differential ideal if Z satisfies 
the following conditions: 

(1) J = 0^. Ji, where 1^ = n^{M) n I; 

(2) did. 

An exterior differential system (EDS) is a pair (M, Z) consisting of a 
smooth manifold M and a differential ideal I C il.*{M). 

A submanifold A'^ C M is called an integral submanifold for the EDS 
(M,I) if i*I = 0, where i : N ^^ M is the inclusion. In local coordinates 
this condition can be written as a system of PDE (or ODE). 

A linear subspace E C TpM is said to be an integral element of I if 
(/?|e = for all ip £ I. The set of all integral elements of I of dimension n is 
denoted f „ (I) . A submanifold of M is an integral submanifold of X if and 
only if each of its tangent space is an integral element of X. 

Note that Un(X) nGr„(TpM) is a real algebraic sub- variety of Grn(TpM) , 
which may be very complicated. The set of ordinary integral elements 
f°(X) C fn(X) consists of those which are locally cut out 'cleanly' by fi- 
nite number of n- forms in X, so that the connected components of v°{2) are 
smooth embedded submanifolds of Grn{TM). The rigorous definition can 
be found in [3]. 
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Let {ei, ■ ■ ■ , e„} be a basis of the linear subspace E of TpM. The polar 
space of E is defined to be the vector space 

H{E) = {ve TpM I ip{v, ei, • • • , e„) = for ah ip G T'+^}. 

When E £ Vn{T), a (n + l)-plane E'^ containing E is an integral element of 
I if and only if E+ C H{E). Define 

r{E) = dim H{E) - diuiE - 1. 

This integer may jump up at certain points. An ordinary integral element 
E is called regular if r is locally constant in a neighborhood of E in f^(X). 
The set of regular integral elements is denoted vl^{I) and is a dense open 
subset of <(X). Thus <(X) C <(X) C t;„(X) C Grn{TM). An integral 
submanifold is called regular if all of its tangent spaces are regular integral 
elements. 

We state the following two theorems that are given in [3]: 

Theorem 3.1. (Cartan-Kdhler Theorem) Suppose {M,I) is a real analytic 
EDS and that N C M is a connected real analytic regular n-dimensional 
integral submanifold of I with r{N) > 0. Let R d M he a real analytic 
submanifold of codimension r(N) containing N such that 

dim( TpR D H{TpN) ) = n + 1, for all p e N. 

Then there exists a unique connected real analytic {n + 1)- dimensional inte- 
gral submanifold N such that N C N C R . 

A regular flag is a flag of integral elements 

{0) = EoCEiC--- CEn = E C TpM 

where Ej £ ^j(2^) for < j < n and £"„ G VniT). Note that En may 
not be regular, but one can show that it must be ordinary. By applying 
Cartan-Kahler Theorem repeatedly to this flag, one can show that there is 
a real analytic n-dimensional integral manifold N C M passing through p 
and satisfying TpN = E. Set 

c{Ej) = dim{TpM) - dim H{Ej). 

Theorem 3.2. (Cartan's Test) Let (M,!) be an EDS, and F = {Eq, ■■■ ,En) 
an integral flag of Z. Then Vn{T) has codimension at least 

c{F) = c{Eo) + ■ ■ ■ + c{En-l) 

in Grn{TM) at En- Moreover, F is a regular flag if and only if VniT) is a 
smooth submanifold of GrniTM) in a neighborhood En and has codimension 
exactly c{F). 

The Cartan characters of the flag F are the numbers 

Sj{F) = dimH{Ej_i) - dimH{Ej), < j < n, 
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with the convention c(£'_i) = or H{E-i) = TpM. These numbers exhibit 
the generaUty of integral submanifolds. Roughly speaking, the integral man- 
ifolds near N will depend on sq constants, si functions of one variable, • • • , 
Sn functions of n variables. 

A connected open subset Z of v'^(I) is called involutive if every E ^ Z is 
the terminus of a regular flag. When Z is clear from the context, we simply 
say that our EDS (M, X) is involutive. 

Suppose (M, T) is an EDS with n-dimensional integral submanifold. A 
conservation law for {M,2) is an [n — l)-form € Q^~^{M) such that 
d{f*4') = foi' every integral submanifold / : N^ ^-> M of I. Actually, 
one only considers as conservation laws those (p such that dcp € I- Two 
"trivial" type of conservation laws are (p £ I^~^ or cp being exact on M. 
Factoring out these cases, the space of conservation laws is defined to be 
C = H^~^{Q*{M)/T). It also makes sense factor out those conservation 
laws represented by closed (n — l)-forms on M (then the quotient space is 
called the space of proper conservation laws). One can study the symmetries 
of the EDS and then apply Noether's Theorem to compute the corresponding 
conservation laws (cf. W^ for details). 

4. Involutivity of the EDS {U,Ia) 

Let G,T,a,U,UQ and Ui be as in section 1. Let a be the canonical left 
invariant 1-form g~^dg on U. Write 

a = ao + ai 

with respect to the Cartan decomposition U = Uq+Ui. The Z/,-component 
of the Maurer-Cartan equation da + 2 [«) c^] =0 gives 

{dao + i([ao,ao] + [ai,ai]) = 0, 
\dai + [ao, ai] = 0. 

Let Xo- C il*(C/) be the differential ideal generated by the components of 
ao. It follows from the Maurer-Cartan equation that 

la = {ao.dao) 

= (aoJai,ai])- 

Here ( , ) denotes the algebraic ideal generated by the enclosed forms. 
The following Proposition was proved by R. Bryant. 

Proposition 4.1. (^) The EDS (C/,To-) is involutive. 

Proof. Since everything is homogeneous, we only need to look at the integral 
elements E C TelJ = U. Note that E C Ui = Hj^i ker(aj). For E = (0) £ 
vo{Ia-), we have H{E) = Ui and VQ{Zfj) = U. Thus fo(2o-) = VQ(Za) = 
Vq{Icj). Now consider E = Mx E vi{Za) for some x £ Ui — {0}. Its polar 
space is 
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since [ai,ai]e{x,y) = [x,y]. For generic such x, H{Mx) will be a maximal 
abelian subalgebra of Wi, and set dimi!f(Mx) = dini^ = r. Therefore 

vi{I^)=v'l{I^)^vl{I^). 

Furthermore, when Mx G vl{2„), every subspace E of H{Mx) containing Mx 
is also regular and has H{E) = H{Rx). Thus generic E € v°(Ifj) is the 
terminus of a regular flag, and our EDS is involutive. In fact, every regular 
integral curve of Tg- lies in a unique r-dimensional integral submanifold of T^, 
or locally the integral submanifolds depend on sq = dim Z// — dim ^i constants 
and si = dim(Z//i) —r functions of one variable (since S2 = ■ ■ ■ = Sr = 0). D 

Corollary 4.2. Let O he an open subset ofW , and f : O ^ U an immer- 
sion. Then the following statements are equivalent: 

(1) f is a k-dimensional integral submanifold of (U,Iij), 

(2) / satisfies (IT^ . 

(3) {f~^ fxi, ■ ■ ■ , f~^ fxr) 'i'S a solution of the curved flat system (|1.3() . 

Hence the PDE for the EDS {U,!^) is the curved flat system p.3|) asso- 
ciated to U/Uq. 

As a consequence of the Cartan Kahler Theorem ll-{. 11 Proposition 14. II and 
Corollarv l4.2l that real analytic curved flats in U/Uq or real analytic solutions 
of the curved flat systems (|1.3|) depend only on dim(^i n A ) functions of 
one variable along a non-characteristic line. 

By Theorem 12. 91 there is a special coordinate system x on M*" so that the 
curved flat system (|1.3|) written in x coordinate system is gauge equivalent to 
the C//C/o-system (|1.2|) . The Cartan-Kahler theory implies that the Cauchy 
problem of the U/Uo-system has a unique local solution for any given local 
real analytic initial data on the xi-axis. But it was also proved in J2] 
using the inverse scattering theory of Beals and Coifman (^) that given 
any smooth rapidly decaying function vq : M. —> Ui H A , there exists a 
unique smooth solution v '.W —>-Ui H A'^ so that 

v{xi,...,Xr) = fo(a;i,0, ...,0). 

Although the theory exterior differential system seems to give a weaker 
result concerning the Cauchy problem, it may prove to be a very good tool 
to detect "integrablility" . 

Remark 4.3. Let G, r, U be as above, and p an order k automorphism of 
G so that dpe is complex linear. Assume that 

Tp = p^ T^ . 

2irlj 

Let Qj denote the eigenspace of dpe with eigenvalue e * , and ICj =U (1 Qj . 
Then 

U = Ko + .-- + ]Ck-i. (4.1) 

Let a = g~^dg, and 

a = Qo + h Ofc-i 
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the decomposition of a with respect to (|4.1|) . Let Xp denote the differential 
ideal on \J generated by ao, 02, • • • , afc-i- Then 

Zp = (ao,a2,- • ■ ,afc-i,dao,dQ2,. . . .dotk-i] 

= (ao,"2,- • ■ ,afc-i, [ai,ai])- 

We define regular elements in ¥i\ the same way as before, namely, a ^ K,\ 
is regular if it is contained in a maximal abelian subspace A in /Ci and 
Ad([/o)(-4) is open in /Ci. If /Ci admits regular elements, then the proof of 
Proposition 14. II works for ([/, Xp). In fact, in this case, we have: 

(1) (t/, Xp) is involutive. 

(2) If dim(^) = r, then any r-dimensional integral submanifold depend 
on dim(/Ci) — dim(^) number of functions of one variable. 

(3) every regular integral curve is contained in a unique r-dimensional 
integral submanifold of ([/, Xp). 

(4) The curved flat system associated to \J jK is the system (|1.3|) for 
(^1, . . . ^Ar) : M'' — > /Ci, and the L'^/i^-system is the system (|1.2|) for 
V -.W ^ /Cfc-i- Modulo a change of coordinate system of W , these 
two system are gauge equivalent. 

(5) Given an immersion f '.M^ ^ U, the following statements are equiv- 
alent: 

(a) / is an integral submanifold of {U,lp), 

(b) /-i/x, G /Ci and [/-Vx„/-Vx,] = for all i,j, 

(c) {f^^fxi, ■ ■ ■ , f^^ fxr) is a solution of the curved flat system as- 
sociated to U/K. 

(6) The PDE for the EDS (C/, Xp) is the curved flat system associated to 
U/K. 



5. Conservation laws and commuting flows 

We construct infinitely many conservation laws and commuting flows for 
the U/Uo-system, and indicate how to construct infinitely many explicit 
solutions of the C//C/o-system. 

First we review the Birkhoff Factorization Theorem (for detail see |l„Qj). 
Let e > be a small number, and Oe = {A G C | ^ < |A| < 00} the open 
neighborhood at 00 in 5"^ = CU{oo}. L{G) denote the group of holomorphic 
maps g : Oe\{oo} — > G, L+{G) the subgroup of 5 G L{G) such that g can be 
extended to a holomorphic map in C, and L-{G) the subgroup of (7 S L{G) 
that can be extended to a holomorphic map in O^ and is equal to the identity 
e at 00. 

Theorem 5.1. (Birkhoff Factorization Theorem) The multiplication map 

fi:L+{G)xL_{G)^L{G), {g+,g^)^g+g_ 

is one to one, and the image is an open dense subset of L{G). 
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In other words, for generic g G L(G), we can factor g = gj^g- uniquely 
with g± G L±{G). Let e denote the constant map from Oe \ {00} to G with 
constant e. Since e hes in the image of the multiphcation map /i, there is 
an open subset of e so that all elements in this open subset can be factored 
uniquely. 

Let f and a denote the map on L{G) defined by 

(f(5))(A)=r(5(A)), {a{g)){\) = a{g{-\)). 

It is easy to check that 

(1) f and a are conjugate linear and complex linear involutions of L{G), 

(2) g G L{G) is a fixed point of both f and a if and only if g satisfies 
the ?7/?7o-reality condition: r(g(A)) = g{X), a{g{X)) = cr(— A). 

(3) both f and a leave L±{G) invariant. 

Let L'^''^{G) and L'^^{G) denote the subgroup of fixed points of f and a of 
L{G) and L±{G) respectively. Then we have 

Corollary 5.2. The multiplication map 

is one to one and the image is open and dense in L'^'°'{G). 

We want to use this factorization to construct infinitely many solutions 
and commuting flows for the C//?7o-system. Given b £ A and j > 1 an odd 
integer, x G W, and t G M, let e^{x,t) G L'^'^{G) be defined by 

e (x, t)(A) = exp((aij;i + • • • + arXr)X + bXH). 

Given / G L^'^{G), since e (0,0) = e is the identity in L'^''^{G) and e is 
smooth from M'' x M to L'^'"{G), by Corollarv 15 . 21 there is an open subset of 
(0, 0) in M^ X M so that we can factor f~^e {x, t) uniquely as 

f-^e'^{x,t) = E{x,t)m{x,t)-^, (5.1) 

where E{x,t) G L^ {G) and m{x,t) G L^J^iG). 
Given c & A, let 

m-^cm = Qc,o + Qc,iX~^ + Qc,2X~'^ + ■■■ (5.2) 

denote the Taylor series of {m{x, t)~^cm{x, t))(A) at A = oo. Since m{x, t)(A) 
= e at A = oo, 

Qc,o = c. (5.3) 

We want to explain how to compute Qc,m rn~^dm and E^^dE next. To 
do this, we take 3^. of (|5.1|) to get 

/~ e {x,t)aiX = Ex^m~ —Em" mx^m^ . 

Multiply E^"^ on the left and m on the right of the above equation and use 
(EH)) to get 

m^ QiXm = E^ Ex^ — m~ ruxi- (5-4) 
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Take dt of (|5.H) and use a similar calculation to get 

m~ bX^m = E~ Et — m~ rrit. (5-5) 

Note that E^^Ex^ and E^^Et lie in the Lie algebra C^^ {Q) of L^'^{G), and 
m~^mxi and m~^mt lie in the Lie algebra C^'^{G) of L^'^(G). But it follows 
from the factorization theorem that 

as direct sum of vector spaces. Let ^± denote the C^'^{g) component of 
C G C^'^'iG). Then ((El and (ESJ imply that 

E~ Ex^ = {m^ ajmA)+, (5.6a) 

E-^Et = {m-^bm\^)+ (5.6b) 

mT rrixi = —{m^ aimX)-, (5.6c) 



m nit 



-{m~^hm\^)^. (5.6d) 



Use (|5.2() to see that 

(m"^ajmA)+ = Qa,,oA + Qa,,i, 
{m'^bmX^)+ = QbfiX^ + Qb,iX^~^ + ■■■ + Qb,j- 
So we get 

\E^^Ex^=Qa„0>^ + Qai,l, ,^^s 

[E-^Et = QbflX' + Qb,i\'~^ + ■■■ + Qb,j- 
Lemma 5.3. //ci,C2 € A, then 

[m^ cim, m" C2?n] = 0, (5.8a) 

[m^ cim, —{m~ C2A"m)„] = [m~ cim, {m~ C2A"m)_|_]. (5.8b) 

Theorem 5.4. (^T^) There exists v.W x^^Ui^A^ so that 

Qa„i = [ai,v]. 
Moreover, for each t (^M, v{- ■ ■ ,t) is a solution of the U/Uo-systeni. 
Proof By Km . 

[m^ aim, m" ajm] =0, 1 < i ^ i < r. 
So the coefficient of A~^ of the left hand side has to be zero, i.e., 

[di, Qaj,i] + [Qa„i,aj] =0, 1 < i / j < r. 
But this implies that there exists t> : M** x R — > ^i n A'^ so that 

Qa„i = [ai,v]. 

By 1)5. 7() and Proposition 12.11 we see that Ylii'^i^ + [ai,v])dxi is a flat Q- 
valued connection on M*" for all A € C. Hence for each fixed t, v{- ■ ■ ,t) is a 
solution of the t//C/o-system. D 

The following is well-known (cf. ^2 ^M ) • 
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Theorem 5.5. (1) Qhj{x,t) is a polynomial in u,dxV, ■ ■ ■ ,di~ v, 

(2) Qi,j satisfies the following recursive formula 

{Qb,j)x, + [\ai,v],Qb,j] = [Qb,j+i,ai], (5.9) 

(3) Qbfl = b, Qb,i = [b,v]. 
Proof. A direct computation gives 

[m~ bm)xi = [m^ bm,m~ m^.], by (|5.6al) 

= [m~ bm,—{m^ ajAm)_], by H5.8b|) 

= [m^ bm,{m^ ajAm)+]. 

Substitute (|5.2j) to the above equation to get 

{m~ bm)xi = [in~ bm,ai\ + u]. (5.10) 

Compare coefficient of A~-^ of A"-' of 1)5. 1U|) to get (|5.9|) . 

It was proved in U2E] that Qh^j is a polynomial in Uj, (Jj^-Uj, . . . , di^ ui, 
where ut = [ai,v]. Since ad(aj) is a linear isomorphism between Ui n A'^ 
and Uq r\U^, (1) follows. Since m{- ■ ■ , oo) = I, Qbfi = b. Use 1)5. 9() to prove 
Qb,i = [b,v]. ' D 

Use (|5.7|) and Proposition 12.11 to see that 

r 

®A^ = Y^^aiX + [oi, v])dxi + {bX^ + Qb,iX^-^ + ■■■ + Qb,j)dt 
j=i 
is a flat connection on M'^ x M for all A E C. It follows from the recursive 
formula (|5.9j) and the flat equation 

de^'^' + e^'^' A e^;^' = o 

that we have 

Uai,Vx^] = [aj,Vx^] + [[ai,v],[aj,v]], i^j, 
\[ai,vt] = {Qb,j)x + [[ai,v],Qbj], 1 <i <r. 

The first set of equations just means v{--- ,t) is a solution of the U/Uq- 
system for each t, and the second set of equations give the flow on the space 
of solutions of the C//t/o-system. 

Let Ac denote the subgroup of G whose Lie subalgebra is A ^ C, and 
L^'^{Ac) is the subgroup of / G L^^^{G) such that g{X) G A^ for all A G 
C Given b ^ A and j a positive integer, then ^b,j lies in the Lie algebra 
£!|;'^(^(g)C), where ib,j{X) = bXK Let ebj{t) be the one-parameter subgroup 
in Vj^" {G) generated by ^b,j-, i.e., 

eb,,{t){X) = e'^'\ 
It was proved in J3] that if v{x,t) is a solution of (|5.11j) then 

eb,j{t)-v{--- ,0):=v{--- ,t) 
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is the dressing action of ebj{t) G LY^{Ac) on the space of solutions of the 
C//C/o-systems. The second set of equations of (|5.11|) is the vector field on the 
space of solutions of the C//f/o-system corresponding to the one-parameter 
subgroup generated by ^b,j- Since the group L'Y^{A£,) is abelian, the flows 
generated by these ^b,j are commuting. So we have 

Theorem 5.6. /^|12j. |13j ) Given b £ A and a positive integer j, the flow 

[ai,vt] = {Qb,j)x, + [[ai,v],Qb,j], l<i<r, (5.12) 

leaves the space of solutions of the U /UQ-system (|1.2j) invariant. Moreover, 
all these flows commute. 

We sketch the method of constructing solutions of the C//C/o-system below. 
Let e^«(x) € L^ {G) be defined by 

e °{x) = exp y aiXiX . 

Theorem 5.7. (H^) Given f G L'flG), factor 

j-igAo(x) ^ E{x)m-^{x) (5.13) 

with E{x) € L^'^(G) and m{x) E L^_l'^{G). Expand m(x){X) at X = oo: 
7n(x)(A) = e + m,_i(x)A~ +m2{x)X~ +•■■. 

Then 

(1) m^i{x) eUi, 

(2) V = (m-i) is a solution of the U /UQ-system, where (?7i_i) is the 
projection o/m„i onto Ui CiA'^ with respect to Ui = A(B {Ui n^-*-). 

Proof. Use the same computation as for the proof of (|5.6al) to conclude that 

E'^E^. = {m~^aim)+ = a^A + Qaui- 

Expand m(x){X) at A = cxo: 

7TT,(x)(A) = e + m,_i(x)A~ +m_2(x)A^ +•■■. 

A direct computation implies that 

m^ aim = Oj + [oj, r7T,_i]A~ + ■ • • . 

Therefore Qa,,i = [ai,rn^i]. Since m G L'^'^{G), m_i(x) G Ui. So 

[ai,v] = [ai,m:^J = [ai,m_i] = Qa,,i- 

Hence we have shown that 

E~^E.j:^ = aiX + [ai,v], 1 <i <r. 

By Proposition 12.21 u is a solution of the t//C/o-system. D 
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Remark 5.8. It was proved in ^^ that if each entry of / € L[^'^{G) is a 
meromorphic function on 5^ = C U {oo}, then the factorization (|5.1,'-{j) can 
be carried out explicitly using residue calculus. In particular, 77i(x)(A) and 
E{x,X) = E{x){X) can be given by explicit formulas. Therefore, we get 
explicit solutions v = (m_i) for the C//C/o-system. Since the parallel frame 
-B(x, A) for the solution v is also given explicitly, it follows from Corollary 
14.21 and Theorem 12.91 that F{x) = E{x,l)E{x,(S)~'^ is an explicit integral 
submanifold of the EDS {U,!^)- 

Next we derive conservation laws of the flows for the U/Uo-system. 
Theorem 5.9. Let c,b (^ A, and n a positive integer. Then 

{Qc,n, ai)xj = iQc,n, aj)x,, I < i 7^ j < r. (5.14) 

In particular, 

r 

(pc,n ■= '^{Qc,n,ai) dXi (5.15) 

j=l 

is a closed 1-form on R'' 
Proof. Compute directly to get 
{m~^cm,ai)xj = {[m~'^cm,m~^mj:.],ai), by (|5.6c|) . 

= {[m" cm,—{m^ aj\m)^],ai), by ()5.8b|) . 

= {[m~^cm, {m~^ajXm)+],ai) = {[m~^cm,ajX + Qa^i],ai). 
Use (|5.2() and compare coefficient of A~" of the above equation to get 

[Qc,n,CLi)xj = [[Qc,n,Qaj,l],0.i) + [[Qc,n+1, CLj], ai) 

= {Qc,n, [Qaj,l,ai]) + {Qc,n+l, [«j,aj]) = {Qc,n, [[«j,^],«i]) + 

= (Qc,n,[[ai,w],aj]) = ([Qc,n,[aj,^]],ai), by ((EH), 

= {{Qc,n)xi — [Qn+l,ai], CLj) = {{Qc,n)xii CLj). 

D 

If / : O ^ [/ is a r-dimensional integral submanifold of the EDS {U,Iij), 
then by Theorem 12.91 and Corollarv 14. 21 there exist a special local coordinate 
system x of O, g : O ^ Uq and a solution v of the U/Uo-systera ()1.2() such 
that f~^fxi = gO'ig'^^ and g'^gxi = [o-i^v] for all 1 < i < r. Let * denote the 
Hodge star operator for the Euclidean space M^. Given 1 < i 7^ j < r, let 

i^tn = ^c,n A {*{dxi A dxj)) = I ^{Qc,n, at)dxf^ I A {*{dxi A dxj)). 

Then tp'^c,n is a closed (r — l)-form on the integrable submanifold. In other 
words, 'i/'c'^n is a conservation law for the EDS ([/, I0-) for all 1 < i < j < r, 
c ^ A, and positive integer n. 
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Next we derive the conservation laws for the flow (|5.12|) on the space of 
solutions of the C//C/o-system (|1.2|) . Given a,c £ A, compute 

(m~ cm,a)t = {[m~ cm,m~ rat],a)^ by (|5.6d|l 

= {[m~ cm,—{m~ hX''m)J\^a), by (|5.8b|l 
= {[m^ cm,{m^ hX'm)j^],a). 

Substitute (|5.2j) to the above equation and compare coefficient of A^" to get 

i-i 
{{Qc,n)t, a) = y^([Qc,n+i, Qb,j-i\ia)- (5.16) 

i=0 

Here we have used 

{[Qc,n,Qh,o],a) = ([(5c,n,&],a) = (QcnJ^a]) = 0. 

We claim that 

i 

\[Qc,mQh,j\T'^i) = ^2^(^c,n+i-li Qfej-jjxi (5-17) 

i=l 

We prove this claim by induction on j. For j = 1, we have 

{Qc,n-, Qb,l\,ai) = {Qc,n, [Qb,l,ai]) = {Qc,n, [[b, v],ai]), 

= iQc,n, [[ai,v],b]) = -{[[ai,v],Qc,n],b) 

= -i[Qc,n+l,ai] - {Qc,n)xi,b) = {{Qc,n)xi,b). 

(We used the Jacobi identity for the first line of the computation above). 
This proves (|5.17|) for j = 1. Now assume (|5.17)) is true for j and we want 
to prove the identity for j + 1. We compute 

{[Qc,n,Qb,j+i],ai) = iQc,n, [Qb,j+i,ai]), by (j^ 

= iQc,n, {Qb,j)xi + [ui,Qb,j\) 

— \}oic,nt'^b,j)Xi \\Sic,n)XiT^b,jj ~r \yjc,nj V^i^^b,j\j 

— \}aic,nt'^b,j)Xi \\SiC,n)XiT^b,j) (,[^i) ^;c,nj) n;6j' j 

= {Qc,n, Qb,j)x, + {[a, Qc,n+i],Qb,j), by (ESI), 

= {Qc,m Qb,j)xi + (O) [Qc,n+1, Qb,j]) 

Then the induction hypothesis implies H5.17() is true for j + 1. 
It follows from (|5.16|) and (|5.17j) that we have 

Theorem 5.10. Let v -.W xR ^ Hi D A^ be a solution of ((OT|) . c € A, 
and n a positive integer. Then 

{Qc,n,0.i)t = ^ ^(Qc,n+£+s-l,Qb,j-£-s)a:i- (5.18) 

i=0 s=l 
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As a consequence, we see that 

{Qc,n,ai)dxi A ■ ■ ■ A dxr 

is a conserved quantity for the flow (|5.12j) on the space of rapidly decaying 
solutions of the U/Uo-system. 
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